Abstract. In this paper we present a n a p p r o ximation to the de Rham theorem for simplicial sets with any coe cients based, using simplicial techniques, on Poincar e's lemma and q-extendability.
an isomorphism in cohomology up to degree q. T h i s w as done following the original and standard sheaf theoretic proof of the de Rham theorem.
More generally, o ver any simplicial set, the only reference we a r e a ware of is the one of H. Cartan 1] where in x7 h e s k etched an analogous result given, according to Cartan, by Grothendieck at a conference in the IHES. In this paper we present a generalization of Miller's result over any simplicial set. We use simplicial techniques and following the approach o f 3 x10] or 4], we show that in order to have a de Rham theorem up to a given degree q over any coe cients is enough to have q-extendability (proposition 3.2) and Poincar e's lemma (proposition 3.1).
In the next section we g i v e the basic properties we shall need from the simplicial setting. In x3 w e prove that the simplicial di erential graded module of polynomial forms of xed length q is \q-extendable" and satis es Poincar e's lemma. Finally, in section 4 we state the main results.
2. A short trip to the simplicial world. Most of the contents in this section are well known results and basic facts about simplicial objects. Hence we shall not give proofs for some of the assertions and we refer to 3] (where a very short and nice exposition can be found), 4] or 5] for complete proofs and details. From now o n o u r c o e c i e n t r i n g R is commutative and with unity.
A simplicial object K with values in a category C is a sequence of objects in C, fK n g n 0 , together with morphisms @ i : K n+1 ! K n , 0 i n + 1, and s j : K n ! K n+1 , 0 j n, called respectively face and degeneracy operators, satisfying the usual relations, i.e., @ i @ j = @ j;1 @ i i > j @ i s j = 8 < :
Given K and L two simplicial objects in C, a simplicial morphism ' : K ! L is a sequence of morphisms of C, ' n : K n ! L n , n 0, commuting with the face and degeneracy operators. Hence, a simplicial set is nothing but a simplicial object in the category of sets. In this particular context, given a simplicial set K we shall pay special attention to its skeletons: for any m 0 the m-skeleton of K, K(m), is the subsimplicial set of K de ned by K(m) n = K n n m, s i 1 i n ; 1 2 K n;1 n > m .
We s a y that a simplicial set K has dimension m if K = K(m). The degenerate n-simplices are, by de nition, the image of the degeneracy operators: s i , 0 i n ; 1, 2 K n;1 .
A v ery useful example is, for a given integer k 0, the simplicial set k] which c a n be thought of as the subsimplicial set of the singular simplices on k formed by the linear simplices, i.e., k] n = f =< e i0 : : : e in > 0 i 0 : : : i n kg DE RHAM THEOREM 3 where < e i0 : : : e in > denotes the linear simplex n ! k which sends the vertex e j to e ij , 0 j n. The face and degeneracy operators are induced respectively by t h e inclusions and the projections:
i =< e 0 : : : ê i : : : e n+1 >: n ;! n+1 j =< e 0 : : : e j e j : : : e n >: n+1 ;! n :
Observe that the dimension of k] is precisely k and that there is just one non degenerate k-simplex in k], the identity 1 k .
Given K a simplicial set and A a simplicial cochain complex or simplicial di erential graded R-module (sdgm in what follows), de ne A(K) the di erential graded module of forms on K with coe cients in A by A(K) = p 0 A p (K) where A p (K) are the simplicial set morphisms from K into the simplicial set A p = fA p n g n 0 . That is to say, an element of degree p of A(K) is a collection f g 2K in which 2 A p n if 2 K n and @i = @ i , sj = s j , f o r a n y i j. The di erential is given by df g = fd g. Note also that if A is a simplicial di erential graded algebra (sdga from now o n ) , A(K) also inherits in the same way an algebra structure. If A and B are sdgm's or sdga's, we m a y de ne in the obvious way the tensor product A B = n (A n B n ) which together with the face and degeneracy operators @ i @ i , s i s i , i s a g a i n a sdgm or a sdga. Note also that A(K) i s a c o variant functor on A and contravariant o n K. F or a topological space X, A(X) shall denote A ; C (X) where C (X) is the simplicial set of singular simplices on X.
Remark that if A is a sdgm (resp. sdga), for any n 0 the map A( n]) ! A n de ned by 7 ! 1 n is an isomorphism of di erential graded modules (resp. di erential graded algebras).
2.1. Definition. Given q 1, a simplicial set A is q-extendable if for any 0 p < q and any n 0, given i 2 A p n;1 , i = 0 : : : n , with @ i j = @ j;1 i , for i < j , there exists an element 2 A p n such that @ i = i . A is extendable if it is q-extendable for any q 0. Now, we g i v e a technical result which allows us to conclude q-extendability b y considering only the case i = 0 , i n ; 1. 2.2. Proposition. Assume the following: Given 2 A p n;1 , p < q , n 1, such that @ i = 0 , i < r n ; 1, there exists 2 A p n so that @ i = 0 , i < r , and @ r = .
Then, A is q-extendable. ]. We j u s t h a ve t o t a k e care that the weaker hypothesis of q-extendability is enough for our purposes. We s k etch the proofs for clarity. 2.3. Proposition. Let A be a q-extendable sdgm and let L K be a subsimplicial set. Then, the induced morphisms A p (K) ! A p (L) are surjective for any p < q . P r o o f .L e t 2 A p (L) and assume de ned , 2 K m , m < n , so that it commutes with faces and degeneracies and = for 2 L m . Next, given 2 K n de ne: = if 2 L n and = s j if = s j t o n i s h , i f is a non-degenerate simplex of K n ; L n , since @ i @j = @ j;1 @i , f o r i < j , w e make u s e o f q-extendability t o n d so that @ i = @i , f o r i n. 
On the other hand the polynomial simplicial cochain algebra is de ned by C PL = n 0 (C PL ) n in which ( C PL ) n = C ( n]). It turns out that C PL is extendable and for any simplical set K the natural map : C PL (K) = ;! C (K), de ned by ( ) = (1 p ), 2 K p , is an isomorphism of di erential graded algebras 3,x10]. Hence, for a given space X, C PL (X) is isomorphic to the usual singular cochain complex on X. W e shall also need the following result that again has the same proof as 3,x10] or 4,Chap.12] but taking into account t h a t w e assume just q-extendability.
2.5. Proposition. If A is a q-extendable sdgm then C PL A is also q-extendable.
3. Polynomial forms of xed length. In this section we recall the de nition of the sdgm of polynomial forms of xed length over R and prove, as we stated in the introduction, the two necessary conditions to have a \de Rham theorem", i.e., Poincar e's lemma (proposition 3.1) and q-extendability (proposition 3. is an isomorphism of di erential graded algebras. Indeed a calculation shows that it preserves the product. To see that it commutes with the di erential it is enough to see that, in A n , d
;P Observe that for this it is essential that p < q : Indeed since p < q there is at least one j i > 0 and therefore r n ; 1 w h i c h is necessary for ( ) to hold. Otherwise it is not true since in A n;1 , dx 0 : : : d x n;1 w 0 is always zero.
Finally, consider the element e w J 2 A n , de ned by e w J = w J (the only possible difference lies in the fact that in A n , dx 0 = ; P n i=1 dx i while in A n;1 , dx 0 = ; P n;1 i=1 dx i ) and observe that (ii) Also observe that the standard proof of extendability o f A PL over the rationals due originally to Sullivan 8] induces an isomorphism in cohomology up to degree q.
